Let
If it is clear from the context what subharmonic function we consider, we sometimes write M{r) instead of M{r, u). Let bdΩ be the boundary of Ω. If ζ(ΞbdΩ and u(z) is subharmonic in Ω, we define tt(ζ) = lim u(z).
Further if the region Ω is unbounded, we also introduce the order and type of u{z). The order of u{z) is defined by --logM(r, u) The case λ-1 is in Ahlfors-Heins [1] .
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In this note we shall prove two results which are related to Theorem A in some sense.
1. In this section we prove the following THEOREM 1. Let u{z) be subharmonic of order p (0<p<l) and mean type in {Rez>0}, and assume that u{iy)<-\-oo (-oo<;y<+oo). // h(r) is a positive slowly varying function such that h(r)->0 (r->oo), h f {r)>-0{r~λ) (r-»oo), and
on a sequence of | 3; |-^00.
We remark that if u(z) is subharmonic of order p (0<p<2) and minimal type in {Re^>0}, and if u[z) satisfies w(ry)<+00 (-oo<3;<+oo), then Theorem A implies that
on a sequence of 13;| ->co.
For convenience, let us here state two theorems which will be used in this section. . This is impossible. Now, u{z)-εH{z) is of order less than one, and hence using Theorem B once more, it follows that
On the other hand, since α(ε)->+oo as ε->0, there exists a y(ε) such that \y(ε)\ ->oo as ε->0 and
Combining (1.5) and (1.6), we have 
U t)=
Then H{z) is a positive harmonic function of order p in {Rez>0} with boundaiy values 
Hence by (1.14)-(l.lβ), for a sequence of 13;| ->oo,
if ^ is chosen sufficiently small. This completes the proof of Theorem 1.
2. Let Ω denote an unbounded region in the plane C and suppose that bdΩf\{\z\=r}Φ0 (0<r<+oo).
(Such an Ω has been considered in [5] , [7] .) Let u(z) be subharmonic in Ω and satisfy the conditions w(0)<+oo and
In this section we prove the following This formulation is analogous to the one of Theorem A. In order to prove Theorem 2, we use the following fact due to Fenton.
THEOREM D. ([4, p. 473]) Suppose that u(z) is subharmonic in C and that σ is any positive number. Then either 7ft*(r, u)>M(r, u) -π 2 σ for certain arbitrarily large values of r or, if this is not the case, then
.
M(r, u)~-σ{\ogr)
2 r-oo log r exists and is either finite or +oo.
First, we prove a lemma, which will play a fundamental role in order to reduce our problem to a problem to which Theorem D is applicable. If d=0, then (b) is trivial. Hence we assume that dX). In this case there exists a sequence {z n }°?, where \z n \ Is (n->oo) and z n <=Ω, such that u(z n ) -M{\z n \), \ϊmz n =z (\z\=s), as we see from the inequality:
LEMMA 2. Let Ω and u(z) satisfy the hypotheses of Theorem 2. Then M + (r) 2S a nondecreasing convex function of logr (0<r<oo).

Proof of Lemma
Moreover, zefi. If this is not the case and z^bdΩ, we know that if 0<ε<π 2 σ is given and n is large enough, then
By the choice of ε, we easily see that M + (s)-π 2 σ+ε<0. Hence (2.1) implies M(\z n \)<0, which contradicts the assumption C λ >0.
Using the above facts and the upper semicontinuity of u at z^Ω, we obtain u(z)'^limu(z n ) = C 1 . Hence Mis^C,.
We
=Ci. This proves (b).
To prove (c), let 0<s< + oo and suppose that M(s)>0. We assert that 
This inequality implies that v + (z) has a subharmonic extension to annulus {r 1 <\z\<r 2 \.
Hence M(r, v + ) is a convex function of logr in (r lf r 2 ). However, since
it follows that M(r, u) is convex in logr in (r lf r 2 ). This completes the proof of Lemma 2.
Proof of Theorem 2. Set
We assert that W(z) is subharmonic in C-{0}. This completes the proof of Theorem 2.
Remark. Let i2 be as in Theorem 2, and let M(^) be a subharmonic function in Ω satisfying w(0)<+co and w(ζ)<M(|ζ|)-π 2 ίj (σ: a positive constant, ζ<ΞbdΩ, 0<|ζ|<+oo).
Then we conclude that M{r) is a nondecreasing convex function of logr (0<r<+oo). (The proof is similar to the one of Lemma 2.) Using this fact, we can prove that
M(r, u)-σ(logr)
2 hm log r
